1 MATTEO GALLI AND MANUEL RITORÉ ABSTRACT. We consider surfaces of class C 1 in the 3-dimensional sub-Riemannian Heisenberg group 1 . Assuming the surface is area-stationary, i.e., a critical point of the sub-Riemannian perimeter under compactly supported variations, we show that its regular part is foliated by horizontal straight lines. In case the surface is complete and oriented, without singular points, and stable, i.e., a second order minimum of perimeter, we prove that the surface must be a vertical plane. This implies the following Bernstein type result: a complete locally area-minimizing intrinsic graph of a C 1 function in 1 is a vertical plane.
INTRODUCTION
Variational problems related to the sub-Riemannian perimeter introduced by Capogna, Danielli and Garofalo [10] (see also Garofalo and Nhieu [28] and Franchi, Serapioni and Serra-Cassano given Dirichlet conditions in a p-convex domain. Pinamonti, Serra Cassano, Treu and Vittone [38, Thm. 1.1] have obtained existence and uniqueness of t-graphs on domains with boundary data satisfying a bounded slope condition. They also showed that, under this condition, Lipschitz regularity is optimal at least in the first Heisenberg group 1 , [38, Example 6.5]. The bounded slope condition was also considered in a previous paper by Pauls [36] . Capogna, Citti and Manfredini [8] have proven that the intrinsic graph of a Lipschitz continuous function which is a vanishing viscosity solution of the sub-Riemannian minimal surface equation in 1 is of class C 1,α and it is foliated by characteristic straight lines. A vanishing viscosity solution is nothing but a uniform limit of Riemannian minimal graphs uniformly bounded in Lipschitz norm. The same authors obtained higher regularity in n , n > 1, in [9] .
Area-stationary surfaces of class C 2 in 1 are well understood. The regular set of such surfaces is known [14, 41] to be ruled by characteristic segments. The singular set was completely described by Cheng, Hwang, Malchiodi and Yang [14] , who proved that it is the union of isolated points and C 1 curves. The area-stationarity condition implies, in addition to have mean curvature zero, that the characteristic curves meet orthogonally the singular curves. This was proved for area-minimizing t-graphs by Cheng, Hwang, and Yang [16] , and for general area-stationary surfaces by Ritoré and Rosales [41] , who used this condition to describe the C 2 critical surfaces of the sub-Riemannian area in 1 under a volume constraint.
Bernstein type problems for C 2 surfaces in 1 have also received a special attention. In [14] , a classification of all complete C 2 solutions to the minimal surface equation for t-graphs in 1 was
given. In [41] , this classification was refined by showing that the only complete area-stationary t-graphs are Euclidean non-vertical planes or they are congruent to the hyperbolic paraboloid t = x y. By means of a calibration argument it is also proved in [41] that they are all areaminimizing. A classification of C 2 complete, connected, orientable, area-stationary surfaces with non-empty singular set was obtained in [41] : the only examples are, modulo congruence, nonvertical Euclidean planes, the hyperbolic paraboloid t = x y, and the classical left-handed minimal helicoids. In [18] and [3] the Bernstein problem for intrinsic graphs in 1 was considered.
The notion of intrinsic graph is the one used by Franchi, Serapioni and Serra Cassano in [25] .
Geometrically, an intrinsic graph is a normal graph over some Euclidean vertical plane with respect to the left invariant Riemannian metric g in 1 .
A C 1 intrinsic graph has empty singular set and so the stationarity condition is equivalent to have the surface ruled by horizontal straight lines. Many examples of C 2 complete area-stationary intrinsic graphs different from vertical Euclidean planes were found in [18] . A remarkable difference with respect to the case of t-graphs is the existence of complete C 2 area-stationary intrinsic graphs which are not area-minimizing, see [18] . In [3] , Barone Adesi, Serra Cassano and Vittone classified complete C 2 area-stationary intrinsic graphs. Then they computed the second variation formula of the area for such graphs to establish that the only stable ones, i.e., with non-negative second variation, are the Euclidean vertical planes. An interesting calibration argument, also given in [3] , yields that the vertical planes are in fact area-minimizing surfaces in 1 . Later on, using similar techniques, Danielli, Garofalo, Nhieu and Pauls [20] proved that embedded stable complete surfaces without singular points were vertical planes. The following natural step was to consider complete stable surfaces in 1 
where {ϕ t } t∈ is the flow generated by U, Z is the characteristic vector field on Σ, and f = 〈U, ν h 〉. The function q is defined by
Hence a first task is to extend the second variation formula to a C 1 surface is to prove that the function 〈N , T 〉/|N h | is smooth when restricted to characteristic curves in Σ. This is done by showing in Lemma 4.4(3) that the function 〈N , T 〉/|N h | restricted to a characteristic straight line satisfies the ordinary differential equation (4.3)
where the primes indicate derivatives with respect to the arc-length parameter on the characteristic curve. This allows us to check the validity of the second variation formula (4.1) in Theorem 4.1. It is important to mention that equation (4.3) is equivalent to the equation
Once the validity of the second variation formula (4.1) is established, we define a stable surface as one satisfying inequalityˆΣ
for any continuous function f with compact support in the regular set of Σ and smooth in the horizontal direction in Σ. Then we proceed as in the C 2 case to parameterize the surface using a seed curve Γ(ǫ), orthogonal to the characteristic curves, and the orthogonal straight lines with vector Z Γ(ǫ) . This way we produce a continuous parameterization
whose main properties are studied in Lemma 4. We have organized this paper into five Sections. Some preliminary results, terminology and notation are in Section 2. The first variation formula and their consequences appear in Section 3, while the second variation is treated in Section 4. The proof of the Stability Theorem and the Bernstein result are in Section 5.
PRELIMINARIES
In this section we gather some results to be used in later Sections 2.1. The Heisenberg group. The Heisenberg group 1 is the Lie group 3 ≡ × , with product
Any p ∈ 1 produces a left translation defined l p (q) = p * q. A basis of left invariant vector fields is given by
The horizontal distribution in 1 is the smooth planar distribution generated by X and Y .
We denote by [U, V ] the Lie bracket of two C 1 vector fields U and V on 1 . Note that 
For a more detailed introduction to ∇ and its properties see [22] . Here we only mention that ∇T ≡ 0 and observe that the difference between ∇ and the Levi-Civita connection D can be computed using Koszul's formulas for D and ∇ to obtain 
Geodesics in (
) is a C 2 curve γ such that the covariant derivative of the tangent vector fieldγ vanishes along γ. Let γ(s) = (x(s), y(s), t(s)) be a horizontal geodesic. Dots will indicate derivatives with respect to s. We writeγ =ẋ X +ẏ Y + (ṫ −ẋ y + xẏ) T . Since γ is a horizontal curve,
Then γ is a horizontal geodesic in ( 1 , g) if and only if
Solving these equations with initial conditions (x(0),
which is a horizontal straight line. 
As Z is horizontal and orthogonal to ν h , we conclude that Z is tangent to Σ.
They are both tangent to Σ and horizontal. If we define
From here we deduce the following
where U ⊤ stands for the projection of a vector field U onto the tangent plane to Σ. A seed curve in Σ \ Σ 0 is an integral curve of the vector field S. Since S is continuous, existence of seed curves is guarenteed, but not their uniqueness. Given a C 1 immersed surface Σ with a unit normal vector N , we define the sub-Riemannian
where dΣ is the Riemannian area element on Σ. If Σ is a C 2 surface bounding a set Ω, then A(Σ) 
It is clear that U ht = 〈Z, T 〉 Z. Given a vector field U in 1 , we define its horizontal divergence on Σ \ Σ 0 by
where ∇ is the pseudo-hermitian connection. The horizontal divergence can be defined for any vector field smooth along horizontal curves in Σ. 
We remark that formula (3.1) is valid for any variation, even for those moving the boundary of Σ.
Proof. Equation The following result will be very useful to obtain geometric properties of an area-stationary surface 
where ξ is the unit inner conormal to ∂ Σ ′ .
Proof. Let U be a C 1 vector field in 1 , and f a smooth function in 1 with compact support, cho-
Since Σ is area-stationary, the first variation of the sub-Riemannian area with respect to the flow associated to f U is zero. From (3.1) this meanŝ
This formula is also valid by approximation for Lipschitz functions on Σ, and can be rewritten as
where W is the tangent vector field −〈U,
Consider the sequence of lipschitz functions f ǫ on Σ so that f ǫ equals 1 on Σ ′ , vanishes when the distance to Σ ′ is larger than of equal to ǫ and is a linear function of the distance to Σ ′ in between. A standard argument using the coarea formula for Lipschitz functions shows
where ξ is the inner unit normal to ∂ Σ ′ . As the function g is continuous in Σ and the functions f ǫ are bounded, we can use the Dominated Convergence Theorem to show
since f ǫ approaches the characteristic function of the set Σ ′ . Taking limits, as ǫ → 0, in formula (3.3) applied to f = f ǫ , and using (3.4) and (3.5) together with the first variation formula (3.1), we obtain (3.2).
Recall that right-invariant vector fields in 1 
Remark 3.4. The main consequence of Lemma 3.3 is that the regular part of an area-stationary t-graph Σ is foliated by horizontal straight lines. This result was first proved by Cheng, Hwang and Yang [17] , see Remark 3.4. We can use (3.6) to recover their result in the following way: taking as Killing field U = T in Lemma 3.3, formula (3.6) readŝ
Assume Σ is the graph of the C 1 function u : Ω ⊂ 2 → . Simple computations allow us to write the above formula as
where t-axis we may assume that Π is the plane y = 0, and that B is the vertical graph G u of a function u : Ω → of class C 1 . This implies
The tangent plane to any point in G u is generated by the vectors
The "downward" pointing unit normal vector is then given by N /| N |, where
and × denotes the cross product with respect to the oriented orthonormal basis {X , Y, T }. The horizontal unit normal is given by ν h = ν h /| ν h |, where
and the characteristic direction by Z = Z/| Z|, where
and we get
In particular, horizontal curves in G u satisfy the ordinary differential equation
, we have uniqueness of characteristic curves through any given point in G u .
The jacobian of the map (x, t) → (x, u(x, t), t − xu(x, t)) can be easily computed and allows us to express the Riemannian area element dΣ in terms of the Lebesgue measure d x d t of the vertical plane
On the other hand, since
we obtain the following expression for the sub-Riemannian area of the intrinsic graph of the C
Choose a function ϕ with compact support in Ω and consider the variation of G u by the intrinsic graphs u + sϕ. This variation corresponds to moving the graph G u under the action of the vector field ϕY , where ϕ is considered as a function in 1 by means of the intrinsic orthogonal projection on the plane Π. The derivative of the sub-Riemannian area is given by
Assume the point p ∈ G u corresponds to the point 
where ′ is the derivative with respect to the parameter s.
We consider the parameterization
near the characteristic curve through (a, b). The jacobian of this parameterization is given by
which is positive because of the choice of initial condition for t ǫ and the fact that the curves γ ǫ (s) foliate a neighborhood of (a, b). Any function ϕ can be considered as a function of the variables (ξ, ǫ) by makingφ(ξ, ǫ) := ϕ(ξ, t ǫ (ξ)). Changing variables, and assuming the support of ϕ is contained in a sufficiently small neighborhood of (a, b), we can express the integral (3.8) aŝ
where I is a small interval containing 0. Instead ofφ, we can consider the functionφ/(∂ t ǫ /∂ ǫ). r, a + r) ). This implies that the quantity ∂ũ/∂ ξ
is constant along the curve γ(s), and so it is (u x + 2uu t ). Hence Z is the restriction of a leftinvariant horizontal vector field to the characteristic curve passing through p. This implies that the characteristic curve is a horizontal straight line. projection of the characteristic curves to Ω satisfy the ordinary differential equation
This is equivalent to the system t ′ = 2u, x ′ = 1, whose solutions are integral curves of the C 1 vector field
This implies local uniqueness of the projection of the integral curves of Z and so local uniqueness of such curves. Global uniqueness follows from an standard connectedness argument.
If Σ ⊂ 1 is any immersed oriented C 1 surface such that the vectors Z and ν h are C ∞ along characteristic curves in the regular part of Σ, we define the mean curvature of Σ at any point p ∈ Σ \ Σ 0 , by
is defined by 〈∇ Z ν h , Z〉 as in (2.8). Theorem 3.5 implies that, in an areastationary surface, Z and ν h are C ∞ along characteristic curves in the regular part of Σ.
Under these regularity hypothesis, we can be able to perform the following first variation formula,
. Assume ν h and Z are differentiable in the Z-direction. Then the first variation of the area induced by a smooth vector field U such that supp(U)
where H is defined in (3.11).
Proof. We decompose U as U = 〈U, ν h 〉ν h + 〈U, Z〉Z + 〈U, T 〉T , and observe that we can split the first variation (3.1) as
We observe that all terms in the previous equation are well defined, as U ∈ C 1 and Z and ν h are C 1 in the Z-direction. We claim that the following integral equalities hold
Indeed we can argue as in the proof of [26, Proposition 6.3] since, by [26, Remark 6.1], we can approximate Σ by a family of smooth surfaces Σ j such that N j converges to N , (ν h ) j converges to ν h and {Z j , S j } converge to {Z, S}, in any compact subset of Σ, where the subscript j denotes the vectors in the surface Σ j . Furthermore, we also have the convergence of the derivatives in the Z j -direction of Z j and (ν h ) j to the derivatives in the Z-direction of Z and ν h a on compact subsets of Σ. In this way we can easily conclude the statement.
Remark 3.8. Proposition 3.7 and the fact that characteristic curves are horizontal straight lines imply that the mean curvature H vanishes in any regular point of an area-stationary surface Σ.
The following Lemma will be needed in the next section. 
Lemma 3.9 (Divergence Theorem
Proof. When Σ is C 2 , it makes sense to compute from [26, Lemma 3.1 and Lemma 3.3]:
The general case follows by approximation as in the proof of [26, Proposition 6.3].
THE SECOND VARIATION FORMULA FOR AREA-STATIONARY SURFACES
In this Section, we shall prove the following second variation formula for area-stationary C 
where f = 〈U, ν h 〉 and
Following the classical terminology, we shall say that a complete immersed oriented area-
holds for any function f ∈ C 2 0 (Σ \ Σ 0 ). The stability condition means that the second derivative of the sub-Riemannian perimeter is non-negative for the given variations.
For a C 1 surface Σ ⊂ 1 is not guaranteed that q is well defined. We need to show first that the quantity u = 〈N , T 〉/|N h | is smooth along horizontal lines.
Lemma 4.2. Given a, b ∈ , the only solution of equation
about the origin with initial conditions u(0) = a, u
If u a,b (s) is defined for every s ∈ then either a
Proof. The first part of the Lemma is just a direct computation using the uniqueness of solutions for ordinary differential equations. 
where
Proof. 1. Fix some ǫ 0 ∈ I . For some s 0 > 0, let us take a seed curve Γ 1 satisfying Γ 1 (ǫ 0 ) = γ(s 0 ). A continuity argument implies the existence of a small open interval J ⊂ I containing ǫ 0 , and functions s : J → and f : J → so that f is monotone increasing and
is smooth for almost every ǫ in a small interval near 0. Dividing s(ǫ) Z Γ(ǫ) by its Heisenberg modulus, which only involves the coordinates of Z Γ(ǫ) and the smooth components of the curve Γ(ǫ), we conclude that Z Γ(ǫ) is smooth for almost every ǫ > 0 in J . We conclude by covering I by a denumerable family of such intervals.
Observe that (c − a y + bx)(ǫ) = 0 since Z Γ(ǫ) is horizontal. We always have
If Z Γ(ǫ) is smooth at some value ǫ, we can compute
The scalar product of ∂ F /∂ s and ∂ F /∂ ǫ can be easily seen to be equal to (a
, there exists a function f so that V ǫ = f S and so |V ǫ | = | f |. On the other hand 〈V ǫ , T 〉 = − f |N h |, from where the last equation of (4.6) follows.
3. Assume first that ǫ is a regular point of Z Γ(ǫ) . The vector V ǫ (s) is proportional to S F (ǫ,s) since it is orthogonal to (∂ F /∂ s)(ǫ, s) = Z F (ǫ,s) . Hence we have
which is the function uā ,b (s), forā 
We immediately obtain
For c ǫ , we have from (4.9) 
is positive everywhere and satisfies
Proof. Since p(s) is a degree two polynomial, it has a zero if and only if b 2 − 4ac < 0. A simple computation shows A straightforward computation of the left side of (4.10), together with (4.11) and (4.5), yields
what implies (4.10). 
Either q(γ(s))
where the prime symbol ′ denotes the derivative along the projection to t = 0 of the characteristic vector field in the surface. Since the Riemannian unit normal of the t-graph of u is given by 
where V = 〈E 1 , T 〉E 2 − 〈E 2 , T 〉E 1 is the horizontal Jacobian, see [26, Lemma 3.2] . Here, given a point p in Σ, the vector fields E 1 (s), E 2 (s) are defined as extensions of Z, S along the curve
we only need to compute the expressions 〈∇ U ∇ U V, Z〉 and 〈∇ U V, ν h 〉 2 along the variation and evaluate them at s = 0. We have
On the other hand
and
where we have used that 1 is a flat manifold with respect to the pseudo-hermitian connection ∇ and ∇T = 0. Let {Σ j } j∈ the family of smooth surfaces approximating Σ already used in the proof of Proposition 3.7. First we notê
where we used [26, Lemma 3.1 and Lemma 3.3]. On the other hand, since
we can conclude (4.13)ˆΣ 1
Finally we observe
where we have used [26, Lemma 3.3] in the last equality, and
that together with (4.13) proves the statement.
Now we introduce the stability operator ( f , f ). 
is non-negative for all functions f ∈ C 0 (Σ \ Σ 0 ) with compact support of class C 1 in the horizontal direction in Σ, where q is the function defined in (4.2).
Proof. We observe that, since f and Z( f ) are continuous with compact support, we can consider a family of functions 
is horizontal, the non-negativity of the second variation induced by U ǫ implies 0 lim
that allows us to conclude ( f , f ) 0. Then Σ is a vertical plane.
Proof. We shall follow the proof of [30, Thm. 4.7] . Inserting a test function of the form uv −1 in the index form (4.1) and using formula (3.12) with f = u 2 , g= v −2 we get 
